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Abstract 

 
In this paper we apply the Fractional Fourier Transform (FrFT) to remove chirp interferers that 
corrupt Global Positioning System (GPS) signals.  The concept is based on the fact that in the 

time-frequency plane, known as the Wigner Distribution (WD), chirps are represented as lines.  
Using an FrFT with some rotational parameter ‘a’, we rotate to a new time axis ta that transforms 
the chirp to a tone, in which the energy of the tone is contained in usually just one or two 

samples.  The best `a',  and the correct time sample along the ta axis, may be found without a 
priori knowledge by searching for the peak in the FrFT, since compression to one or two time 
samples results in an energy spike.  Once the peak is found, we zero out the tone, and hence the 

underlying chirp.  Rotation back to the original time domain via an inverse FrFT produces an 
improved GPS signal.  This method can apply to multiple chirp interferers, and we describe how 
to easily determine the number of interferers, K, by finding peaks in the FrFT space over the 

parameter `a'.  We also describe how to easily notch the interferers once converted to tones by 
computing a threshold based on the power of the coarse acquisition (C/A) code and noise.  We 
show that for signal -to-noise ratios (SNRs) greater than at least 10 dB, interferers can be notched 

regardless of the ratio of the C/A code power to the combined interferer power, denoted as 
carrier-to-interference ratio (CIR).  
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1. INTRODUCTION 

The Fractional Fourier Transform (FrFT) is a powerful signal processing tool that has been 
applied to problems in the field of radar ([1], [2], [3], and [4]), communications [5], and image 

processing, quantum mechanics, & optics [6].  Its power comes from utilization of an entire time-
frequency plane for processing signals, rather than conventional methods that use only time or 
frequency alone, as given by the axes on the plane. This provides numerous degrees of freedom 

to process signals. The FrFT was recently applied to the problem of separating multiple received 
target echoes in a chirp radar system [3], for example. In this paper, we propose to extend that 
concept to the suppression of multiple chirp interferers in GPS. 

 
Chirp interference mitigation in GPS is a difficult problem to address because most techniques 
which can provide adequate interference suppression also have the negative effect of cancelling 

part of the desired GPS signal, since it is wideband and usually present in the s ame frequency 
bands as the interferer.  In [6] the suppression of FM and some chirp-like interferers are 
performed with a discrete wavelet transform (DWT), but the implementation is more 

computationally complex and requires the interferer to be much strong er than the desired GPS 
signal.  In [7], an amplitude domain filter (ADF) is described, but it is shown to only mitigate 
continuous wave (CW) interferers in GPS. In [8], the author describes an approach using an 

extended Kalman filter (EKF), but it too is computationally intense and is only shown to suppress 
FM type interferers.  Finally, the authors in [9] describe a bank of pulse filters to suppress chirp 
interference in GPS, but their technique partially suppresses the GPS signal itself.  
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In this paper we propose an algorithm that suppresses chirp interferers effectively, over a full  
range of signal and interferer power levels, with minimal, almost negligible, impact to the GPS 

signal.  
 
The paper outline is as follows: In Section 2, we introduce the FrFT, Section 3 presents a model 

of the GPS and chirp interferer signals, while Section 4 describes the proposed FrFT-based 
algorithm, modified from that in [3], which is applied to radar echo separation; the algorithm can 
suppress multiple interferers, and we discuss how to determine how many interferers are present. 

Simulation results are presented in Section 5, and a conclusion is given in Section 6. 

 
2. BACKGROUND:  FRACTIONAL FOURIER TRANSFORM (FrFT)  

The continuous time FrFT of a function f(x) of order ‘a’ is defined in [10]. Here, we limit our 
attention to discrete time and model the N x 1 FrFT of an N x 1 vector x as 
 

            (1) 
 

where F
a
 is an N x N matrix whose elements are given by ([10] and [11])  

 

     (2) 

 
and where uk[m] and uk[n] are the eigenvectors of the matrix S defined by [11]  

 

       (3) 
and 

       (4) 
 
The Wigner Distribution (WD) shows the energy of a signal in the time-frequency plane, just as 

the Fourier Transform does in the frequency domain only. It is well-known that the projection of 
the WD of a signal x(t) onto an axis ta gives the energy of the signal in the FrFT domain ‘a’, |Xa|

2
 

(see e.g. [12] or [13]). In discrete time, the WD of a signal x[n] is written as [14] 

 

      (5) 

 
where l1 = max(0,n−(N-1)) and l2 = min(n,N −1). Aliasing is avoided by oversampling the signal 
x[n] using a sampling rate of fs [samples per second] that is at least twice the Nyquist rate [14]. 

 
3. SIGNAL MODEL 

We assume a chirp interferer, which takes the form  
 

             (6) 
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where fd,k is the initial frequency of the chirp, k is the rate of change in the frequency in Hz/sec, 
and subscript k denotes the k

th
 chirp. If we now assume a scenario with a total of K interferers, we 

can write the composite received echo signal as 
 

                   (7) 

 

where the amplitude A is chosen to model a desired interference strength, of the combined K 
interferers, using an assumed carrier-to-interference ratio (CIR) 
 

                     (8) 
 
Without loss of generality, and for simplicity, we assume the interferers all have the same 

amplitude in the time domain.  Note that this does not mean they will have the same energies  in 
the FrFT domain, because wider bandwidth chirps will t ransform to stronger tones in accordance 
with the energy conservation principle. Furthermore, ca(t) is the desired GPS C/A code, whose 

amplitude is set to one. The noise n(t), is modeled as additive white Gaussian noise (AWGN), 
whose standard deviation is set by the desired signal -to-noise ratio (SNR), using 
 

         (9) 
 

The goal is to obtain the best estimate of the GPS signal,  , from the received signal x(t) in 

Eq. (7) by suppressing the K interferers, given by the summation term on the right  side.  

 
4. FRACTIONAL FOURIER TRANSFORM (FRFT) FOR CHIRP INTERFERER 

SUPPRESSION 

The WD of a chirp signal x(t), shown in Fig. 1, illustrates how the FrFT may be used to isolate 
chirp signals. If we rotateto the axis ‘ta’ and compute the energy in the FrFT, the ch |irp projects 
onto the axis as a strong energy tone. We can detect it by finding the peak of the energy, i.e. 

taking the magnitude squared of the FrFT, or |Xa|
2
 from Eq. (1).  We can remove the chirp by 

setting the time sample at which the peak occurs, along the new ‘ta’ axis, to zero. In practice, due 
to the presence of the C/A signal, the energy of the noise floor will be higher;  also in practice, due 

to motion, drift, or Doppler, the chirp may not be a perfect tone but rather will be spread out over 
two or more samples. We therefore require a better way to notch the interferers by computing a 
threshold and setting signal energy above the threshold to zero. We describe the procedure 

below as well as in Table I assuming a threshold, , and then discuss how to choose . 
 
We set an index, i = 1, representing the first interferer to be detected based on signal strength. 

We search over all  values of ‘a’ to find the value at which the strongest chirp becomes  a tone as 
discussed above. We first notch the tone plus some neighboring samples to compute a threshold  

().  

 

The threshold  is selected by starting with the peak value that was found above. We zero out 
some number of samples around the peak value to eliminate the chirp, which is now a tone. Next, 

we find the maximum of the magnitude of the  remaining signal. This  is used as the threshold,  
and we go back to the original FrFT-domain signal and set the signal whose amplitude exceeds 
the threshold to zero. This was found to be the best way to only notch out only the interferer due  

to the following: If we simply notch the peak, we may not notch the entire chirp interferer, as it can 
vary slightly in frequency over time. Also, if we try to just use the signal in which some number of 
samples about the peak is notched, we may inadvertently notch part of the desired signal. Note 
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that in some application, if it is the chirp signal that is desired  instead of the GPS signal, then we 
can simply set the signal whose amplitude is below the threshold to zero instead.  

 

 
FIGURE 1: Wigner Distribution of Chirp Signal x(t). 

 

Once  is computed, we go back to the original rotated signal and notch the tone more accurately 
by zeroing every sample that exceeds the threshold. After notching, we rotate back. The new time 
domain signal, x i+1(t), is an improved signal whereby the i

th
 interferer has been removed (note the 

use of i here instead of k because the 1
st

 interferer nulled is not necessarily the first interferer 
modeled). We increment i and repeat the process for all K interferers. The algorithm is presented 
in Table I.  

 
Note that this method requires an estimate of how many interferers, K, are present. This can be 
obtained by observation of how many peaks are present in Ymax,i(a) in Step 1 below.  This can be 

done by inspection, or also by computing a threshold and determining the number of peaks that 

fall above the threshold. The threshold would be calculated similarly to how  is obtained above,  
but now we have to account for multiple peaks. For example, when two strong interferers are  

present, we obtain a plot such as that shown in Fig. 2, where we can clearly see that there are 
two strong interferers present at values of a1,opt = 1.128 and a2,opt = 0.903 as this is where we see 
peaks. 

 
5. SIMULATIONS 

In the first example, there are two chirps; the SNR is 5 dB, and the CIR is -5 dB, making the C/A 

code 5 dB weaker than the combined interferers. In Fig. 3 (a) and (f), we show the spectrograms 
of the data before and after removal of the chirps, respectively. An interesting observation that 
can made from these plots is that when the CIR is negative, the interferers become stronger in 

power and are therefore more easily detected and notched. Upon observing the spectrum, it  does 
not always appear that they are notched well. This is  just in appearance, due to the fact that the 
relative power of the signal-of-interest (SOI) is initially small compared to the interferers. So even 

with significant interferer suppression, the SOI appears weak in the spectrogram.  
 
We show the spectrograms of the individual interferer estimates,  in Fig. 3 (b) and (d). A 

noteworthy point to make here is that very high frequency components in the SOI at the edges of  
the WD plane often get notched using this technique. This can be understood by looking back at 
these plots. Visualization of how the FrFT works will show that when the data is rotated to a new 

domain, some of the components are rotated out of the plane.  Hence when the interferer is 
estimated, these components are included along with the interferer. Hence, they are notched as 
well, resulting in holes in the spectrum as can be seen in the top left and right corners of Fig. 3 (f).  

 
The FrFTs of the received signal using the best ‘a’ for both chirp interferers are shown in Fig. 3 
(c) and (e), respectively; we see that the FrFTs transform each chirp into a strong tone, and then 
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show the corresponding spectrum after the chirp (now converted into a tone) is notched; note that 
the tone in part (e) is the second interferer, because the first interferer has already been notched, 

as shown in part (c).  
 

 
 

TABLE 1: Proposed Chirp Interferer Nulling Algorithm. 

 

 
              a 

 

FIGURE 2: ‘a’ vs. Ymax(a). 
 

Finally, in Fig. 3 (g) and (h) we have the received signal, the true C/A bits, and the estimated C/A 

bits after the interferers are notched, in time and frequency space respectively. In both domains, 
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we can see that the chirp interferers are significantly  reduced, resulting in the recovery of the 
GPS C/A bits. The best values of ‘a’ are very similar to those from the previous  example. Observe 

from parts (f) and (h) that we are able to notch the chirp at the low frequencies more easily, as it 
is stronger in power here, and becomes a tone; the high frequency components, due to noise, the 
interferer, as well as the holes in the signal itself as explained earlier, are st ill present in the 

recovered signal. By comparing the recovered C/A signal to the original, as shown in part (g), we 
can compute the mean square error (MSE) to be MSE = 0:25. 
 

Better nulling of interferers will occur at higher SNR. In practice, the SNR of GPS signals is 
usually about 30 dB or higher,  and as we see with the next couple of examples, the algorithm is 
robust over the range of CIRs when the SNR is so high. The above example shows that it works 

fairly well even when the SNR is just 5 dB. This technique does not suppress noise, because the 
noise is distributed uniformly in the WD plane, so only a fraction of the noise appears at any value 
of ‘a’. To null the noise would result in nulling the desired signal  as well, by notching over a range 

of ‘a’.  
 
The next example has a single chirp interferer, so K = 1.   We vary the interferer power using CIRs 

from -10 to 10 dB in steps of 5 dB. The SNR is varied from -10 to 30 dB. Typically, for GPS to 
operate, the SNR would be in the range of 20 to 30 dB. Fig. 4 shows the MSE between the true 
GPS C/A signal and that obtained from the received signal by  suppressing the chirp interferer as 

a function of SNR, for the various CIR. When SNR is high, performance is good over all CIRs. 
Only when SNR becomes very low does performance degrade, due to the noise affecting the 
ability to compute and notch the interferer. Note that when CIR is high, this is typically when the 

interferer would be harder to estimate, but this is also when the signal quality is better, so 
estimation is less important.  
 

Fig. 5 shows the same example but with two interfering  chirp interferers, so now K = 2. We 
assume the CIR is the same for both interferers here. Performance is still robust over a range of 
SNRs and CIRs because the proposed algorithm can successfully find and notch independent 

interferers even in the presence of the pseudo-random C/A signal. There is only a slight 
degradation over the previous example due to the  fact that when a interferer gets notched, we 
also notch those same frequency components in the desired SOI. Therefore, as more interferers 

are notched, more degradation will occur.  Once again, at very low SNR, the noise dominates.   
 
These simulations demonstrate that the proposed algorithm can adequately suppress chirp 

interferers in GPS over a suitably large range of SNR and CIR.  The algorithm is flexible enough 
to operate under a range of CIR, and is able to suppress chirps that are either stronger or weaker 
than the GPS signal.  Furthermore, the results demonstrate that degradation only occurs at low 

SNR (< 5 dB), but GPS signals typically operate at high SNR (> 30 dB).  Suppression has 
minimal impact to the GPS signals themselves because only one or two samples of the GPS 
signal get notched for each interferer.  The results also demonstrate that the algorithm can easily 

handle multiple chirp interferers and degrades gradually as the number of interferers increases.  

 

6. CONCLUSION 

In this paper, we describe a new algorithm that uses Fractional Fourier Transform (FrFT) to 

suppress chirp interferers in GPS. The FrFT converts chirps to tones, via a rotation in the time- 
frequency plane known as the Wigner Distribution, a useful way to view the FrFT. This operation 
compresses all the energy of each chirp into one or two samples, thereby increasing its energy 

and making interferers easy to detect and null. This process still retains the desired GPS code, 
because it remains spread out over the time-frequency plane and therefore only a negligible 
amount is nulled.  The algorithm requires no prior knowledge of the nature or number of chirps 

because it can detect them based on energy of the rotated tones. We describe the algorithm, 
which notches interferers, beginning with the strongest one. We show that the algorithm is robust  
over a range of GPS C/A code power vs. interferer power, known as carrier-to-interference ratio 

(CIR). When CIR is high, the interferer may not need to be nulled; when CIR is low, the interferer 
is more easily detected via an FrFT, and notched. This technique can be used  



Seema Sud 

Signal Processing:  An International Journal (SPIJ), Volume (13) : Issue (1) : 2020 7 

 
FIGURE 3: Two Chirp Interferers; SNR = 5 dB; CIR = -5 dB. 
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FIGURE 4: SNR [dB] vs. Mean-Square Error (MSE), K = 1 Chirp Interferer. 

 
 

 
 

FIGURE 5: SNR [dB] vs. Mean-Square Error (MSE), K = 2 Chirp Interferers. 
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to remove chirp interferers in GPS. Future work includes optimizing the FrFT algorithm and 
testing it to ensure real-time execution is achievable, further studying the threshold for nulling the 

interferers, applying FrFT or other techniques to non-chirp interferers, and applying the proposed 
algorithm to non-GPS type signals.  Developing a prototype of the algorithm in hardware and 
testing it with real -time GPS signals is also an area in which further development can be made.  
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